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Abstract: One of the crucial problems in the dynamics and automatic control theory is balancing of an inverted
pendulum robot by moving a cart along a horizontal path. This task is often used as a benchmark for different
method comparison. In the practical use of the LQR method, the key problem is how to choose weight matrices
Q and R correctly. To obtain satisfying results the experiments should be repeated many times with different
parameters of weight matrices. These LQR parameters can be tuned by a Genetic Algorithm (GA) technique
for getting better results. In our paper, the LQR parameters weight matrices Q and R which were tuned using
the Genetic Algorithm. The simulations of the control problem are designed using MATLAB script code and
MATLAB Simulink on an inverted pendulum model. The results show that the Genetic Algorithm is suitable
for tuning the parameters to give an optimal response. The control problem of the inverted pendulum was solved
successfully.
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1 Introduction

The motivation for the study of the inverted pendulum was a requirement to design a control system to attitude
control of a rocket booster at take-off [1]. During the initial phase, the space rocket booster is extremely unstable.
An inverted pendulum, like a rocket, requires constant correction of its position to remain upright. Another real
application that has the same idea as the inverted pendulum is a two-wheeled self-balancing battery-powered
electric Segway PT, invented by Dean Kamen [3]. Noteworthy examples can be automated aircraft landing
systems, aircraft stabilization in turbulent flow, stabilization of cabins in ships etc.

One of the crucial problems in the dynamics and automatic control theory is balancing of an unstable
nonlinear inverted pendulum. An inverted pendulum is mounted on a motorized cart which can move along a
horizontal path [1], [2]. An inverted pendulum is often used as a traditional benchmark for evaluating various
control strategies. For example PID controllers [4], Linear Quadratic Regulators [5], neural networks, genetic
algorithms [6] and fuzzy control methods. The aim is to swing up the inverted pendulum from the stable vertical
down position to the unstable vertical up position and to keep the pendulum in vertical up position. The swing
up process uses cart movements to add energy to the pendulum. The cart is driven by a force from a servo
motor. It is also important to reduce cart movements amplitude. The swing up method puts the pendulum
to the unstable vertical up position with small angular velocity. The inverted pendulum stabilization can be
accomplished via several methods. In this paper LQR method (Linear Quadratic regulator) is used to generate
the signal to control the servo motor. In the practical use of the LQR method, the key problem is how to
choose weight matrices Q and R correctly. To obtain the satisfying results the experiments should be repeated
many times with different parameters of weight matrices. These LQR parameters can be tuned by a Genetic
Algorithm (GA) [6] technique for getting better results. In our paper, the LQR parameters weight matrices Q
and R were tuned using the Genetic Algorithm. The simulations of the control problem are designed by means
of MATLAB script code and MATLAB Simulink on an inverted pendulum model.
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 2 Mathematical Model of the Inverted Pendulum

We consider a two-dimensional problem in our case only. The pendulum is limited to move in the vertical plane
shown in Fig. 1. The cart with pendulum can move to the right or to the left on the rail freely. The pendulum
is connected to the center of the cart and can rotate around the pivot. For this system, the control input is the
force F that moves the cart horizontally. The first output is the pendulum angular position θ and the second
is the cart horizontal position x.
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Figure 1: Inverted pendulum schematic

Table 1: Inverted pendulum parameters

Symbol Parameter Value

F force applied to the cart kg.m/s2

M mass of the cart 2.5 kg
m mass of the pendulum 0.25 kg
g gravity 9.81 m/s2

I mass moment of inertia of the pendulum 0.0102 kg.m2

l length to pendulum center of mass 0.35 m
B the coefficient of viscous friction for the cart 0.5 N/m/sec
b the viscous friction of the pendulum on the axis of rotation 0.0004 N/m/sec
θ pendulum angle from vertical degree
x cart horizontal position m

For numerical simulations of the inverted pendulum in MATLAB Simulink, nonlinear equations are required.
These nonlinear dynamic system equations were derived in the paper [9] in detail.

(m+M) ẍ+ b1ẋ+mlθ̈ cos θ −mlθ̇2 sin θ = F (1)

θ̈(I +ml2) +mlẍ cos θ −mgl sin θ + b2θ̇ = 0 (2)

Where (1) is the nonlinear motion equation of the cart and (2) is the nonlinear motion equation of the pen-
dulum. These equations need to be linearized in order to represent the system in state space form. Linearization
of motion equations is performed in an upright balanced position where θ = 0 assuming small deviations from
equilibrium. This assumption can be regarded as fulfilled since the control is realized for the pendulum dis-
placement of less than 20 degrees from the vertical upright position. For small angular displacements we can
write cos(θ) ≈ 1, sin(θ) ≈ 0 and θ̇2 = 0. By substituting into the nonlinear motion equations for the position of
the carriage (1) and rotation of the pendulum (2) we obtain two linearized equations of motion (3), (4) for the
upper unstable position θ = 0.

(m+M) ẍ+ b1ẋ+mlθ̈ = F (3)

θ̈(I +ml2) +mlẍ−mglθ + b2θ̇ = 0 (4)
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 3 Inverted pendulum state model

For the linear state feedback control of the inverted pendulum it is needed to convert the motion equations into
a continuous system state space model of the form (5).

ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t) +Du(t)

(5)

The state vector is chosen [x, θ, ẋ, θ̇]T , where the cart position is x, the deflection angle of the pendulum
from the upper equilibrium position is θ, the cart speed is ẋ and the angular velocity of the pendulum is θ̇.
We want to make (3) and (4) more convenient for the state space representation by expressing ẍ and θ̈ in the
following way:

ẍ =
1

(m+M) I +Mml2

{
−b1

(
I +ml2

)
ẋ−m2l2gθ + b2mlθ̇ +

(
I +ml2

)
F
}

(6)

θ̈ =
1

(m+M) I +Mml2

{
mlb1ẋ+m lg (m+M) θ − b2 (m+M) θ̇ −mlF

}
(7)

The system in state space form is then (8) and (9):

ẋ =


0 0 1 0
0 0 0 1

0 −m2l2g
(m+M)I+Mml2

−b1(I+ml2)
(m+M)I+Mml2

b2ml
(m+M)I+Mml2

0 m lg(m+M)
(m+M)I+Mml2

mlb1
(m+M)I+Mml2

−b2(m+M)
(m+M)I+Mml2



x
θ
ẋ

θ̇

+


0
0

I+ml2

(m+M)I+Mml2
−ml

(m+M)I+Mml2

u (8)

y =

[
x
θ

]
=

[
1 0 0 0
0 1 0 0

]
x
θ
ẋ

θ̇

+

[
0
0

]
u (9)

The obtained state matrices A, B, C, D for θ = 0 have the form:

A =


0 0 1 0
0 0 0 1

0 −m2l2g
(m+M)I+Mml2

−b1(I+ml2)
(m+M)I+Mml2

b2ml
(m+M)I+Mml2

0 m lg(m+M)
(m+M)I+Mml2

mlb1
(m+M)I+Mml2

−b2(m+M)
(m+M)I+Mml2

 =


0 0 1 0
0 0 0 1
0 −0.7180 −0.1951 0.0003
0 22.5645 0.4182 −0.0105

 (10)

B =


0
0

I+ml2

(m+M)I+Mml2
−ml

(m+M)I+Mml2

 =


0
0

0.3902
−0.8364

 (11)

C =

[
1 0 0 0
0 1 0 0

]
(12)

D =

[
0
0

]
(13)

State matrices obtained by the analytical method are the same as the state matrices obtained in MATLAB
by typing the command: [A, B, C, D] = linmod(model); where the model is previously created nonlinear
inverted pendulum model created in MATLAB Simulink. This process is used for verifying the accuracy of
analytical calculations.

4 Genetic Algorithm (GA)

Genetic Algorithms (GA) [6], [9] are search methods inspired by the laws of natural selection and genetics.
Genetic Algorithm can be applied to search, optimization, machine learning tasks and various problems in
control systems. GA starts with an initial population containing a number of chromosomes. Each one represents
a potential problem solution or a better solution to a given optimization problem. Performance is evaluated by a
fitness function. Each new generation is generated by applying three genetic operators Selection, Crossover and
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 Mutation on old generation. Then good genes that lead to better fitness function in the new generation have
more chance to survive. After some generations, the optimal solution will be reached. Flowchart of the genetic
algorithm for LQR tuning is shown in Fig. 2. The genetic algorithm goal is to select LQR weight matrices, that
will give a minimum fitness value, automatically. This control method is called GALQR. The genetic algorithm
parameters were set to values shown in Table 3.

Figure 2: Flowchart of genetic algorithm for LQR tuning

5 Fitness Function

A definition of the fitness function, that is used to evaluate the fitness of each chromosome, is the most important
task in applying the genetic algorithm. Each set of LQR parameters is passed to the objective function in order
to compute fitness value. A good LQR controller must make the closed loop system as fast as possible, as stable
as possible and with the lowest control effort as possible. Three indexes for the mentioned requirements were
defined.

The stability index (14) is related to the real parts of closed-loop poles and is defined as follows.

SI = − 1

max
i

(Re {λi})
(14)

The settling time index (15) measures the minimum time that the response reaches absolute error of 2%,

ST = min

{
t :

∣∣∣∣y (t)− yd (t)

yd (t)

∣∣∣∣ ≤ 0.02

}
(15)

where y(t) is the time response and yd (t) is desired output. If a desired value of the output signal is zero,
then settling time is defined as follows (16).

ST = min

{
t : |y (t)| ≤

max
t
y (t)

100
· 2

}
(16)

The maximum control effort index (17) is constrained by the limited capabilities of actuators. The control
task must be achieved with minimum control effort. Higher saturation level actuators are more expensive.

umax = max
t
|u(t)| (17)

The values of weight matrices Q and R were found using three indexes above. This problem is a multi-
objective optimization problem and the fitness function was defined with the following equation (18).

fitness = α · SI + β · ST + γ · umax (18)

Where α, β, γ represent the weight coefficients. Weight α=10, weight β=5 and weight γ=1.
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 6 Experiments and Results

In this section, the proposed method is applied to the inverted pendulum model introduced in section 3. The
numerical simulations were performed using MATLAB Simulink. The simulation time was set to 10 seconds,
with step size of 0.01 seconds. The initial cart position was set to 0.1 m and the initial pendulum angle was set
to -0.02 rad. The required cart position was set to 0 m and the required pendulum angle was set to 0 rad. The
control input u was limited for all cases in ranges [−1, 1] N.

Two control schemes were implemented to control dynamical system of inverted pendulum:

• PID control method with cart position and pendulum angle PID controllers,

• GALQR control method where weight matrices were tuned with the Genetic Algorithm (similar as [12]).

The disturbance input to the system was added with band limited white noise block. The parameters of the
disturbance input were set: noise power = 0.001, sample time = 0.01, seed = 23341.

PID controllers were tuned using a trial and error method and the responses achieved to be optimal are
observed. In Table 2 the tuned PID controller’s parameters for cases of without and with disturbance input are
given.

Table 2: PID controller parameters

PID
parameter

Without disturbance With disturbance
Cart Pendulum Cart Pendulum

Kp -1 -40 -1.25 -40
Ki 0 0 0 0
Kd -3 -8 -3.6 -8

The MATLAB Simulink models for inverted pendulum system control using PID control method without
and with disturbance input are shown in Fig. 3 and Fig. 4. The cart position x and the pendulum angle θ are
used for the measurement only.

x' = Ax+Bu
y = Cx+Du
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Figure 3: PID control of inverted pendulum system without disturbance input

x' = Ax+Bu
y = Cx+Du

State-Space

1

x(t)
2

theta(t)

Saturation

5

u(t)

3

xdot(t)
4

thetadot(t)

Add1

Add2 Add3

PID(s)

PID Controller2

PID(s)

PID Controller1

0

Req x

0

Req theta

Band-Limited
White Noise

Figure 4: PID control of inverted pendulum system with disturbance input
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 The simulation results for PID control of the inverted pendulum system without and with disturbance signal
are shown in Fig. 5. The responses of cart position x, cart velocity ẋ, pendulum angle θ, angular velocity θ̇
and action value u are plotted. The inverted pendulum was stabilized in the vertical upright position after two
overshoots and two small undershoots for the case of control without disturbance input. The inverted pendulum
was also stabilized in the vertical upright position with several minor oscillations for the case of control with
disturbance input. The angular velocity approached 0 rad/s for the case of control without disturbance input
during 8.7 seconds and it oscillated by approximately +/- 0.05 rad/s for the case of control with disturbance
input. The required position of the cart was reached quickly and smoothly in approximately 7.3 seconds for
both cases. The cart velocity reached zero for the case of control without disturbance input and it oscillated
very near to zero for the case of control with disturbance input. Action value was bound in the range [−1, 1]
for both cases. These simulation results showed robustness and effectiveness of the PID control.

Figure 5: Responses of inverted pendulum system with PID control without and with disturbance signal

In the next part of the experiments the GALQR method was applied to the inverted pendulum control. To
tune the LQR gain, the GA parameters were set to values shown in Table 3. That parameters were chosen
based on [7].

Table 3: Specifications of the GA

GA parameter Value

Population size 100
Crossover rate 0.8
Generations number 400

The weight matrices were set using genetic algorithms. The optimal values of tuned weight matrix are (19)
and the state feedback gain is (20).

Q =


1000 0 0 0

0 60.3005 0 0
0 0 11.3453 0
0 0 0 0.0083

 , R = [1] (19)

K = [−31.6228 − 140.0440 − 27.7129 − 30.0572] (20)

The MATLAB Simulink models for the inverted pendulum system control using GALQR control method
without and with disturbance input are shown in Fig. 6 and Fig. 7. All the states of the system x, ẋ, θ, θ̇ are
used in the GALQR.

The simulation results for GALQR control of the inverted pendulum system without and with disturbance
signal are shown in Fig. 8. The responses of cart position x, cart velocity ẋ, angle θ, angular velocity θ̇ and
action value u are plotted. The inverted pendulum was stabilized in the vertical upright position after one small
overshoot for the case of control without disturbance input and the inverted pendulum was also stabilized in
the vertical upright position with several minor oscillations for the case of control with disturbance input. The
angular velocity approached 0 rad/s for the case of control without disturbance input during 2.1 seconds and it
oscillated by approximately +/- 0.02 rad/s for the case of control with disturbance input. The required position
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Figure 6: GALQR control of inverted pendulum system without disturbance input
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Figure 7: GALQR control of inverted pendulum system with disturbance input

of the cart was reached quickly and smoothly in approximately 1.5 seconds for both cases. The cart velocity
reached zero for the case of control without disturbance input and it oscillated very near to zero for the case of
control with disturbance input. Action value was bound in the range [−1, 0.5] for the case of control without
disturbance input and in the range [−1, 1] for the case of control with disturbance input. These simulation
results showed robustness and effectiveness of the GALQR control.

Figure 8: Responses of inverted pendulum system with GALQR control without and with disturbance signal

The performance of the used methods was observed in terms of Rising time, Settling time, ITAE criterion
of the response and Fitness. The optimization results for the cart position and the pendulum angle are shown
in Table 4 and Table 5.
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 Table 4: Optimization results for cart position

Algorithm Rise time Settling time ITAE Fitness
PID without disturbance 0.6532 7.3333 0.2824 -

PID with disturbance 0.6170 - 0.7515 -
GALQR without disturbance 0.7964 1.3177 0.0303 21.6764

GALQR with disturbance 0.7109 2.0740 0.0608 64.6628

Table 5: Optimization results for pendulum angle

Algorithm Rise time Settling time ITAE Fitness
PID without disturbance 0.3700 8.6513 0.0940 -

PID with disturbance 0.3460 - 0.1826 -
GALQR without disturbance 0.2431 2.1421 0.0148 21.6764

GALQR with disturbance 0.1985 9.8681 0.0414 64.6628

7 Conclusion

In this paper, the problem of automatic finding of weight matrices for the LQR controller was formulated as
an optimization problem. To solve this optimization problem the Genetic Algorithm (GA) was used. This
method was applied for the inverted pendulum problem control. The MATLAB Simulink linearized model of
the inverted pendulum system was developed for simulations and performance analysis of the control schemes.
The obtained results from GALQR algorithm were compared with PID control algorithm. With respect to
rise time, settling time, ITAE criterion and maximum control effort GALQR controller has better performance
index than PID controller.
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